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Abstract
Discovering causal relationships is a fundamental task in investigating the dynamics of
complex systems (Pearl in Stat Surv 3:96–146, 2009). Traditional approaches like Granger
causality or transfer entropy fail to capture all the interdependence of the statistic moments,
which might lead to wrong causal conclusions. In the previous papers (Chen et al. in 25th
international conference, ICONIP 2018, Siem Reap, Cambodia, proceedings, Part II, 2018),
the authors proposed a novel definition of Wiener causality for measuring the intervene
between time series based on relative entropy, providing an integrated description of statistic
causal intervene. In this work, we show that relative entropy is a special case of an existing
more general divergence estimation. We argue that any Bregman divergences can be used for
detecting the causal relations and in theory remedies the information dropout problem. We
discuss the benefits of various choices of divergence functions on causal inferring and the
quality of the obtained causal models. As a byproduct, we also obtain the robustness analysis
and elucidate that RE causality achieves a faster convergence rate among BD causalities. To
substantiate our claims, we provide experimental evidence on how BD causalities improve
detection accuracy.
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1 Introduction

Causality has a rich history dating back to ancient philosophers including Aristotle [3] and
remains attractive to both statisticians and scientists in diverse fields [4,5]. In general, causal-
ity is defined by the models containing possible distributions and appropriate descriptions of
causal structures in the data [6]. One of the most popular approaches, conceived originally
by Wiener [7], has a straightforward philosophy. Suppose we have interdependent variables
x and y, we say that y causes x if, in a statistical sense, the prediction of x is enhanced by
y’s history significantly.

However, Wiener’s idea was not implemented until the year of 1969. It was parameterized
in terms of multivariate auto-regression (MVAR) by Granger. The measurement and statistic
inference was proposed based on MVAR by comparing the variances of the residual errors
with and without considering y in the prediction of x [8]. Recently, information theory
provided an alternative, transfer entropy [9,10] to measure (time-asymmetric) information
transfer between joint processes. Intuitively, it can be conceptualized as amodel-freemeasure
of directed information flow among stochastic processes [11]. Transfer entropy resolves the
interaction in a system in terms of uncertainty rather than predictability, more specifically, the
difference of the entropy of x and the conditional entropy of x given y. Interestingly, transfer
entropy is equivalent to Wiener–Granger causality in MVAR with Gaussian assumptions
[12]. Therefore, both definitions can be regarded as comparing the model with and without
considering the intervene of y. Both of them have led to a rich repertoire of analyticalmethods
and offered deep insights into dominant fields including econometrics, neuroscience [13,14]
and climatology [7].

Despite being pivotal quantities, Granger causality and transfer entropy are insufficient to
measure the statistical between with and without considering intervene from y. Two prob-
ability distributions may not coincide if they share the same co-variance and/or entropy.
Hence, it might become problematic since the measurements of causality cannot deliver the
exact inferring interactions between processes. According to Wiener’s original definition of
causality, the information contained in the first moment of y should not be eliminated, unlike
what Granger did. In plain language, discarding the mean from the time series may cause
ignorance of the causal intervenes between them.

The information dropout obstacle can in principle be overcome by Bregman divergence
[15] causality. The proposed concept comes back to Wiener’s original definition of causality,
exploitingBregman divergence to identify the differences between two residual errors. In fact,
Bregman divergence causality has strong theoretical and practical guarantees for a large class
of dynamic models, with our results establishing that finite samples are enough to converge
in distribution to the true parameters. We propose this measure as a suitable extension of the
relative entropy causality.

2 Background

Let’s introduce the notations and statistical distances used in this paper. During the discussion,
all random variables are defined on a probability space {Ω,F, P} with state space Ω and
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σ -algebra F . Capital letters (e.g., X ) are used to denote samples of random variables, and
EX∼p [ f (X)] denotes the expectation of function f (x) w.r.t. p(x). fθ denotes the gradient
of function f (θ; x) w.r.t. parameters θ , and fx denotes the gradient w.r.t. spatial parameters.
A� denotes the transpose of matrix (vector) A, and tr(B) denotes the trace of (square) matrix

B. The notation
D−→ stands for convergence in distribution and the symbol ⊕ stands for the

union of two random vectors.

2.1 Residual Errors

Residual error is the difference between observations and estimations:

ε = x − x̃ (1)

here x̃ is the predictor of x under certain statistical model on the basis of x p
t , or possibly x p

t
and yqt . x

p
t denotes the history of a time series x up to p lags, i.e., x p

t = [xt−1, . . . , xt−p],
also x p for simplicity if it is stationary. In this paper, we are interested in two predictors: x̃ =
φ(x p, θx ) and x̃ = ψ(x p, yq , ϑx , ϑy) (or x̃ = φ(x p, zr , θx ) and x̃ = ψ(x p, yq , zr , ϑx , ϑy)

when considering the conditional causality). The first one only builds upon the history of x
itself while the second one builds upon the history of y plus x’s own. The realization of these
predictors are determined by the estimation of parameters, which depends on the samples of
x , denoted by X = [X1, . . . , XT ], and the samples of y, denoted by Y = [Y1, . . . , YT ] plus
X respectively.

2.2 Kullback–Leibler Divergence

Kullback–Leibler (KL) divergence (also called relative entropy) is a quantity to describe the
distance between twodistributions [16,17]. Let P(·) and Q(·)be twoprobability distributions.
Their KL divergence from P(·) to Q(·), namely, the relative entropy of P(·) over Q(·) is
given by:

DKL(P‖Q) =
∫

Ω

ln

(
dP(x)

dQ(x)

)
P(dx). (2)

KL-divergence is non-negative, and DKL(P ‖ Q) = 0 if and only if P = Q almost
everywhere, which is known as Gibbs’ inequality. However, KL divergence is asymmetry,
i.e., DKL(P ‖ Q) �= DKL(Q ‖ P) in general. Also, we can define the conditional KL
divergence between two conditional probability P(u|v) and Q(u|z) for random variables
(vectors) v and z as follows [18]:

DKL [P(·|v) ‖ Q(·|z)] =
∫

Ωv,z

∫
Ω

ln

(
dP(u|v)

dQ(u|z)
)
P(du|v)W (dv, dz) (3)

whereW (dv, dz) denotes the joint probability distribution of (v, z) on their joint state space
Ωv,z . It can be seen that DKL [P(·|v) ‖ Q(·|z)] = 0 if and only if P(·|v) = Q(·|z) with
probability one in the sense of W (dv, dz) when v = z.

In this paper, we develop causality inference based on a broader class of statistical diver-
gences, the so-called Bregman divergences [19], including KL divergence as a special case.
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2.3 Bregman Divergence

Let ψ : Ω → R be a generator function that is:

– Strictly convex,
– Continuously differentiable,
– Defined on a closed convex set Ω .

Then the Bregman divergence is defined as

�ψ(P, Q) = ψ(P) − ψ(Q) − 〈∇ψ(Q), P − Q〉, ∀P, Q ∈ Ω. (4)

That is, the difference between the value of ψ at P and the first order Taylor expansion of ψ

around Q evaluated at point P . Note that the non-negative property is also satisfied, analog
to KL-divergence: �ψ(P, Q) ≥ 0 for all P , Q. �ψ(P, Q) = 0 if and only if P = Q a.e..

Different choices of ψ results in a variety of divergences that plays important roles in
information theory and statistics, including not only KL divergence, but also Euclidean
distance, l p distance, and so on. We illustrate common choices in Table 1 [20].

Remark 1 In l p norm, we have p ≥ 1 and 1
p + 1

q = 1. Note 1
2‖P‖2q is not necessarily con-

tinuously differentiable, which makes this case not precisely consistent with our definition.

3 Bregman Divergence Causality

In this sectionwe come back toWiener’s original definition of causality in terms of prediction
by the difference of the residual errors in the statistic model with and without considering the
inference of y. We start with stating the definitions of Bregman divergence (BD) causality.
Then, we revisit the framework of relative entropy causality and point out that it in theory
remedies the underlying problem under Granger and transfer entropy framework.

3.1 Bregman Divergence Causality

Definition 1 Bregman divergence causality intervene from y to x takes the form:

BDCy→x = �ψ

[
P(·|x p ⊕ yq), Q(·|x p)

]
.

whereψ is the corresponding generator function, P(ε|x p⊕ yq) is the (stationary) conditional
probability distribution of the residual error for the predictor ψ , depending on x and y’s
history, and Q(ε|x p) is that for predictor φ, only depending on x’s history.

Table 1 List of Bregman divergences �ψ(P, Q) together with generator functions

Name �ψ(P, Q) Generator ψ(P)

KL divergence
∑

i P(i) log
(
P(i)
Q(i)

) ∑
i P(i) log P(i)

Euclidean distance 1
2 ‖P − Q‖2 1

2 ‖P‖2
l p norm 1

2 ‖P‖2q + 1
2 ‖Q‖2q − 〈P,∇ 1

2 ‖Q‖2q 〉 1
2 ‖P‖2q

Itakura–Saito distance
∑

i

(
P(i)
Q(i) − log P(i)

Q(i) − 1
) ∑

i log P(i)
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To discuss the intervene from the mean of y implicitly, where the constant intervene of
y is too trivial, we here extend the definitions of BD causality to the case that yt is non-
stationary, particularly in mean, for example, the hidden periodic model proposed in [24],
but also possibly in covariances or even probability.

Definition 2 Bregman divergence causality from y to x at time t as the conditional Breg-
man divergence between two conditional probability distributions at time t : BDCy→x (t) =
Δψ

[
Pt (·|x p

t ⊕ yqt ) ‖ Qt (·|x p
t )

]
, where Pt (·|x p

t ⊕ yqt ) and Qt (·|x p
t ) be the conditional dis-

tribution of εt at time t w.r.t. x p
t ⊕ yqt and that of ε̃t at time t w.r.t. x p

t . The global Bregman
divergence causality as the average across the infinite time duration [t0,∞):

BDCy→x = lim
T→∞

1

T

t0+T−1∑
t=t0

BDCy→x (t)dt, (5)

if the limit exists and is independent of t0, for example, the general Oscelec ergodicity
conditions are satisfied [21].

This definition of causality can be generalized in contexts. Introducing the third-party
time series zt ∈ R

L , a conditional BDC can be defined in the way of conditional Granger
causality [22].

Definition 3 The conditional BD causality (w.r.t. zt ) can be formally defined as follows:

BDCy→x |z = Δψ

[
P(·|x p ⊕ yq ⊕ zr ) ‖ Q(·|x p ⊕ zr )

]
.

where P(ε|x p ⊕ yq ⊕ zr ) be the condition probability distribution of εt depending on x, y
and z’s history, and Q(ε̃|x p ⊕ zr ) be that of ε̃ depending on x and z’s history.

3.2 Relative Entropy Causality

We highlight that RE cauality can be viewed as a special case of BD causality.
The causality intervene from y to x is defined as the conditional relative entropy of P

w.r.t. Q:

RECy→x = DKL
[
P(·|x p ⊕ yq) ‖ Q(·|x p)

]
. (6)

named relative entropy (RE) causality, where P and Q are defined in BD causality.
In the following, we illustrate the causality of how apparently simple model can be identi-

fied underRE causality framework, but overlooked viaGranger causality and transfer entropy.
Let xt and yt be two real random processes of one-dimension1 in discrete time. Focus on

the following two MVAR models:

xt = x p
t · ã + ε̃t (7)

xt = xqt · a + yqt · b + εt (8)

with the lag orders p and q , and t = 1, 2, . . . , T , where a, ã ∈ R
p , b ∈ R

q , ε̃t , εt ∈ R

and T is the time duration. These two models gives two predictors φ(x p
t , ã) = x p

t · ã and
ψ(x p

t , xqt , a, b) = x p
t · a + yqt · b. More precisely, we postulate that all time series are

stationary (w.r.t. measures). It should be noted that constant term is not included in the
formulas of MVAR actually, which, however, is partially absorbed in the residual terms ε

and ε̃. In other words, ε and ε̃ may have nonzero means in these models.

1 For the case of high dimensions, the similar results can be derived by the same fashion.
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Explicitly, we consider the scenario of one dimension by further assuming that all random
variables are stationary (w.r.t. measures), ergodic and Gaussian, and implement parameter
estimation by some approach, for example, the least mean square (LMS) approach or the
maximum likelihood approach (MLE).

Theorem 1 Let X = [x1, . . . , xT ] and Y = [y1, . . . , yT ] be T samples of x and y with inde-
pendent identical distributions. Under a general linear MVAR framework with parameters
estimated via LMS:

x = y · b + ε.

the distribution of residual errors converges to

p(ε|Y ) ∼ N (E [x] − E [y] bT ,Σ(x |y)) ,

where Σ(x |y) = Σ(x) − Σ(x, y)Σ(y)−1Σ(x, y)� [12] is the partial covariance.

Using the above theorem, we can obtain the asymptotic conditional distribution of ε̃ and
ε w.r.t. x p and x p ⊕ yq as follows:

ε|x p ⊕ yq ∼ N0
[
μ(x |x p ⊕ yq),Σ(x |x p ⊕ yq)

]
ε̃|x p ∼ N1

[
μ(x |x p),Σ(x |x p)

]
. (9)

where μ(u|v) = E[u] − E[v]Σ(v)−1Σ(u, v).
Thus, the RE causality from y to x in MVAR (7, 8) is:

RECy→x =DKL(N0 ‖ N1)

=1

2

{
tr[Σ(x |x p)−1Σ(x |x p ⊕ yq)] + [μ(x |x p ⊕ yq) − μ(x |x p)]�

Σ(x |x p)−1[μ(x |x p ⊕ yq) − μ(x |x p)] − n − ln
det[Σ(x |x p ⊕ yq)]

det[Σ(x |x p)]
}
.

(10)

This entails that RECy→x = 0 if and only ifΣ(x/x p) = Σ(x/x p⊕yq) andE(x/x p⊕yq) =
E(x/x p).

In comparison with Granger causality, in the MVAR model and under Gaussian assump-
tion, the coefficients are estimated by the maximum likelihood approach. Granger causality
can be rewritten as:2

GCy→x = ln{det[Σ(x |x p)]/ det[Σ(x |x p ⊕ yq)]}.
Accordingly, GCy→x = 0 if and only if Σ(x |x p) = Σ(x |x p ⊕ yq), in the other words, the
covariance contribution of Yq can be totally replaced by Xq .

From a geometric view, as shown in Fig. 1, Yq ’s contribution to decomposing X can be
totally replaced by X p , namely, the orthogonal projection of Yq into the subspace spanned
by {X p, 1, Υ̃ }, where Υ̃ stands for the vectors of residual errors, is included by the subspace
spanned by X p .

Hence, in this scenario, one sees that RE causality contains the y’s contribution to pre-
dicting x in both covariance and mean, but Granger causality only includes its covariance
contribution.

2 Also as GCy→x = ln{tr[Σ(x |x p)]/tr[Σ(x |x p ⊕ yq )]}.
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Fig. 1 Geometrical decomposition of X (red solid arrow) into the subspace spanned by X p (green solid arrow)
and 1 = [1, . . . , 1]� (black solid arrow) and its vertical subspace ε̃ (gray solid arrow), and by the maximum
likelihood approach when the causality is zero: Granger causality equals to zero implies that Yq is located in
the subspace spanned by X p and 1, as showed by Yq

GC (right red dash arrow); RE causality equals to zero

implies that Yq is located in the subspace spanned by X p , as showed by Yq
REC (left red dash arrow). (Color

figure online)

Example 1 As an explicit extreme example, consider a time series xt that is actually generated
by (8) and suppose that x p , yq and ε are independent to each other. Let μ(yq) and Σ(yq) be
the mean and covariance of yq respectively, and μ(ε) and Σ(ε) be the mean and covariance
of ε respectively. Then, we have Σ(ε̃) = Σ(ε) + b�Σ(yq)b and μ(ε̃) = μ(ε) + μ(yq) · b,
where b = [b1, . . . , bq ]�. The ideally RE causality, in the case that all parameters were
consistently estimated, would become:

RECy→x = 1

2

{
tr{[b�Σ(yq)b + Σ(ε)]−1Σ(ε)} + b�μ(yq)[b�Σ(yq)b + Σ(ε)]−1

μ(yq)b − n − ln
detΣ(ε)

det[b�Σ(yq)b + Σ(ε)]
}

In the case that Σ(yq) is positive definite, RECy→x = 0 if and only if b = 0 for all
k = 1, . . . , q . In another case ofΣy = 0, i.e., y p is constant, RECy→x > 0 may hold only if
there is some k such that bk �= 0 and [μ(yq)]k �= 0; in this situation, since the ideal Granger
causality could be GCy→x = ln[detΣ(ε)/ det(b�Σ(yq)b + Σ(ε))], which becomes zero
when Σ(yq) = 0 but possibly b �= 0, there still an intervene from y to x .

Alternatively, the transfer entropy based onMVAR (7, 8) is defined as Ty→x = H(x |x p)−
H(x |x p ⊕ yq). Let p(ε|x p ⊕ yq) and q(ε̃|x p) be the conditional density of ε w.r.t. x p ⊕ yq

in (8) and ε̃ w.r.t. x p in (7) respectively, and w(x p, yq) be the joint density of (x p, yq). We
have

Ty→x = H(ε̃|x p) − H(ε|x p ⊕ yq)

=
∫

ln[p(ε̃|x p ⊕ yq)]p(ε̃|x p ⊕ yq)w(x p, yq)dεdx pdyq

−
∫

ln[p(ε|x p)]p(ε|x p)w(x p, yq)dεdx pdyq
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= RECy→x +
∫

ln[p(ε|x p)]p(ε|x p ⊕ yq)w(x p, yq)dεdx pdyq

−
∫

ln[p(ε|x p)]p(ε|x p)w(x p, yq)dεdx pdyq (11)

The difference between the transfer entropy and RE causality equals to that between the
conditional entropy of the residual error ε̃ w.r.t. x p and the conditional cross entropy of
the residual error ε̃ w.r.t. x p over the conditional distribution of ε w.r.t. x p ⊕ yq . It can be
seen that if the transfer entropy equals to zero, it does not imply ε and ε̃ have an identical
conditional distribution, i.e., the intervene from y may still exist. In particular, under the
Gaussian assumption, transfer entropy was proved to equal to the Granger causality in the
MVAR models, i.e, Ty→x = GCy→x/2 = (1/2) ln{det[Σ(ε̃)]/ det[Σ(ε)]} [12].

As argued by Pearl [6], the causality aims to infer not only probabilities under static
conditions, but also the dynamics under changing conditions, for example, changes induced
by treatments or external interventions. So, both Granger causality and transfer entropy
may fail to identify some sort of intervenes that cause invariance of the covariance or/and the
differencebetween the conditional entropies of the predictionof xt . For example, the intervene
of mean can not be measurable by both causalities. An extreme and simple example is that
under the Gaussian assumption, in the case of yt = y0 as a constant, no intervene of y to x
can be probed by both Granger casuality and transfer entropy. However, in the philosophy
of Wiener’s causality arguments [7], under the MVAR model (8), even if y is a constant, it
does contribute to spanning x . Therefore, the causal intervene does exist.

4 Consistency and Convergence Analysis on Bregman Divergence
Causality

Distributions are indexed by their underlying parameters. Thus, as long asweknow the param-
eters, we can get the entire distribution. There are many approaches of finding parameters,
while the estimation will introduce errors inevitably via any method given finite observations
(may be noisy), which might lead to the misdetection of causality. We implement maxi-
mum likelihood estimator (MLE) for finding parameters throughout the paper, compare the
consistency and convergence rate of different choice of Bregman divergence caused by the
distribution perturbation, and illustrate the reason why KL-divergence outperforms other
Bregman-divergence theoretically.

4.1 Robustness Analysis of Parameter Estimation

Given a family of parameterized probability density functions {pθ (x)}θ∈� and a set of empir-
ical observations {Xi }ni=1, MLE seeks to identify the most likely mode θ̂MLE via maximizing
the expected model log-likelihood, i.e.,

L̃(θ) � 1

n

n∑
i=1

log pθ (Xi ).

Fisher information [23] measures the overall sensitivity of the functional relationship p
to changes of θ :

I (θ) = E

[(
∂

∂θ
log p(X; θ)

)2
]

= E
[
s(θ |X)2

]
.
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where

s(θ |X) = ∂

∂θ
log p(X; θ)

is also called the score function when the log-likelihood is differentiable w.r.t. θ .
Under suitable assumptions on perturbation and MLE in hand, the parameters estimated

via maximum likelihood converge to the target parameters in distribution, as stated in the
next result.

Theorem 2 Assume that random samples X1, X2, . . . , Xn ∼ pθ0 , where θ0 is the target
parameter generating the random samples, θn is the MLE. Consider the samples are per-
turbed by a white noise: X̃i = Xi + ε, where ε ∼ N (0, σ 2), with θ̃n be the MLE given
samples X̃1, X̃2, . . . , X̃n. We further assume that there exists a θ̃0 generating the perturbed
distribution X̃1, . . . , X̃n ∼ pθ̃0

, then

√
n

(
θ̃n − θn

)
D−→ N

(
0,

s2

I 2(θ0)

)

where

s2 = Var

[
ε

∂s

∂X
(θ̃0|X̃i )

]
.

See appendices for proof.

Remark 2 Theorem 2 is an extension of the asymptotic normality of MLE:

√
n

(
θ̂ − θ0

)
D−→ N (0, σMLE )

where θ̂ is the empirical MLE.

4.2 Asymptotic Behavior of Bregman Divergence Causality

Let θ = [
θx , θy

]�, both predictors x̃ = φ(x p, θx ) and x̃ = ψ(x p, yq , ϑx , ϑy) can be
rewritten in a unified form:

x̃ = f (x p, yq , θ),

where f = φ,ψ , and θ = [
θ�
x , 0�]�

and
[
θ�
x , θ�

y

]�
respectively.

Theorem 3 Suppose that θn is estimatedbymaximum likelihoodgivenn samples {X1, Y1}, . . . ,
{Xn, Yn} ∼ f (x p, yq , θ0) and we test null hypothesis H0 : θn = θ0 against alternative
Ha : θn �= θ0. RE causality accept the null hypothesis at rate 1/n in distribution and other
BD causalities (non-logarithm form) accept the null hypothesis at rate 1/

√
n in distribution.

See appendices for proof.

Remark 3 When n → ∞, the alternatives are very close to the null, with the convergence
rate of 1/n. Theorem 3 shows that the test is in fact consistence against local alternatives. In
effect, although the convergence rate of BD causalities differ from 1/

√
n to 1/n, this suffices

to ensure that the test is consistent as n → ∞. The fact that RE causality achieves a faster
convergence rate indicates it might be a better choice in the sea of divergences.
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5 Experiments

We run experiments on stationary MVAR, non-stationary MVAR, time-varying MVAR,
nonlinear coupled models to evaluate the performances of both RE causality and Granger
causality or transfer entropy.

We claim two main benefits:

– RE causality is a promising character that identifies the causality intervene effectively
and efficiently under a wide range of tasks.

– RE causality attains a faster convergence rate compared with other BD causalities.

5.1 Stationary MVAR

To compare the performance of RE causality and Granger causality in the MVAR model
with Gaussian assumption (hence transfer entropy is equivalent to Granger causality), we
consider one-lag and one-dimensional version of (8) where xt is governed by:

xt = a · xt−1 + b · yt−1 + ε1,t (12)

with a = 1/2 and b = −1/3. We start by the case that yt is stationary: yt = c · yt−1 + ε2,t
with c = 2/3. ε1,t (or ε2,t ) are i.i.d. random variables from white Gaussian noise with zero
mean and variance σ 2

1 (or σ 2
2 ) independent of all xt and yt .

Thevalue ofREcausality from y to x , denotedby R̃ECy→x canbe computedby estimating
the means and variances in (7) and (8) via MLE and employing Eq. (10). We deploy the
bootstrap approach to construct hypothesis tests. More specifically, under the null hypothesis
b = 0,we resample x̃t by (12)with the estimatedvalues ã ofa and the estimatednoise variance

σ̃ 2
1 . Both are determined by MLE. Then, the estimated values of R̂EC

k
y→x can be obtained

from Eq. (10) for the k-th realization. The procedure is repeated N = 1000 times, then we get

a collection of R̂EC
k
y→x , k = 1, . . . , N . To avoid a zero p-value, let R̂EC

0
y→x = R̃EC y→x ,

then the p-value of RE causality is calculated by pREC = #{k: R̂ECk
y→x ≥ R̃EC y→x }/(N+

1). Also, we calculate the RE causality from x to y by the above fashion. In comparison, the
Granger causality and its p-value is calculated by its definition and F-test for both directions.
When the p-value is less than a pre-given threshold pth , we claim that there exists a causal
intervene. All the above are overlapped for M = 100 times. True positive (TP) rate, i.e.,
the ratio (among M overlaps) that the directed causal intervene from y to x is correctly
identified, and false negative (FN) rate, i.e., the ratio (among M overlaps) that the directed
causal intervene from x to y is incorrectly identified, are used to evaluate the performance
of the causality definitions (Fig. 2 and Table 2).

The above results show that they have similar performances to identify the intervene from
y to x and exclude that from x to y for diverse p-value thresholds and model noise variances.

5.2 Non-stationary MVAR

We next apply RE causality and Granger causality to non-stationary case. In the MVAR
models (8), the dynamics of yt is replaced with a hidden periodic model as follows:

yt =
P∑

z=1

αzh
t
z + υt , (13)
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Fig. 2 Left The sampling stationary time series of xt . Right The sampling stationary time series of yt

Table 2 Performance comparison
on stationary MVAR between
Granger causality (Transfer
entropy) and RE causality

Causality True positive (%) False negative (%)

Granger causality 100 0

RE causality 100 0

where htz is periodic function (w.r.t. t) with a period Tz , and a stationary white Gaussian noise
υt with mean zero and a constant covariance Σ(υ), for example, htz = sin(2π · t/Tz + φz)

for some φz ∈ (0, 2π].
Thus, ε̃t , which is the intervene of yt plus a stationary white Gaussian noise, is non-

stationary since it contains a series of periods. At each time t (or equivalent phase), ε(t)
follows a Gaussian distribution: N0 (μ(ε),Σ(ε)), while ε̃(t) follows a Gaussian distribution:
Nt
1 (μt (ε̃),Σt (ε̃)) with μt (ε̃) = ∑q

l=1 bl
∑P

z=1 αzhz(t) + μ(ε), which is time-varying, and
Σt (ε̃) = ∑q

k=1 bkΣ(υ)b�
k + Σ(ε), which is stationary.

Thus, we denote a RE causality from y to x as

RECy→x = lim
T→∞

1

T

T∑
t=1

DKL (N0 ‖ Nt
1). (14)

Since htp , p = 1, . . . , P , are all periodic, the true values RECy→x (t) is ideally periodic
with period of the least common multiple (LCM) of T1, . . . , Tp . This implies that the limit
of (14) exits, and equals to the average across any time period with length equal to the least
common multiple of (T1, . . . , TP ). It can be seen that in this scenario, even in the case of
Σ(ν) = 0, RECy→x = 0 if and only if bk = 0 for all k = 1, . . . , q . To compare RE causality
with Granger causality in the nonstationary MVAR model, we define Granger causality in
non-stationary case by the same token. Specified in the following model, by estimating the
regressive parameters, one can define Granger causality and transfer entropy at each time
(equivalent phase) and the whole Granger causality and transfer entropy can be defined as
the averages across the time duration respectively.

We consider a hidden periodic model ([24]) to generate yt as: yt = d · [sin(2π · t/T1) +
cos(2π · t/T2) + νt ], where d is a positive scale, T1 = 5, T2 = 7, and νt is a white Gaussian
noise with zero mean I and variance σ 2, independent of all xt and all ε1,t . The noise ε1,t
is white Gaussian with zero mean and a static variance σ0 = 5. xt is generated by the
MVAR (12). Their sampling time series are demonstrated in Fig. (3). The periods and other
parameters in the hidden periodic model can be estimated from the data. Here, for simplicity,
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Fig. 3 Performance comparison among theRE causality(REC,−∗−), classicWiener–Granger causality(GC1,
− + −) and time-varying Wiener–Granger causality (GC2, −�−) by the TP rate (blue solid lines), and FN
rate (red dash lines) for a causal intervene signal generated by (15). (Top Left) The sampling hidden chaotic
time series of X1. (Top Right) The sampling hidden chaotic signal series of X2; (Bottom Left) performance
comparison of hidden periodic model w.r.t. I with fixed σ = 0.2; (Bottom Right) performance comparison of
hidden periodic model with respect σ with fixed I = 2 . (Color figure online)

we assume that the periods are precisely estimated. To calculate RECy→x (t) at a specific
time t , we havemultiple recording series of xt accompaniedwith the same single record series
of yt , with different random noises, denoted by xqt for time t = 1, . . . , T and multiple index
q = 1, . . . , Q. After estimating the parameters in (7) and (8), we obtain the multiple series
of the residual errors, denoted by ε̃

q
t and ε

q
t , respectively. Then, at each t = t0, we collect

ε̃
q
t0 and ε

q
t0 with q = 1, . . . , Q, to calculate R̃EC y→x (t) by formula (10). Then, averaging

R̃EC y→x (t) across t = 1, . . . , T leads R̃EC y→x . Alternatively, if we do not have multiple
recordings of time series and the periods are known, we can segment a long time series of xt
with a period equal to the least common multiple of all periods (T0 = T1 × T2 = 35). After
estimating the parameters, we collect the residual errors ε

q
l = εt with l = mod(t, T0) and

q = �t/T0�, where mod(a, b) stands for the remainder of a driven by b and �r� stands for
the largest integer less than r . Then, by the same way, we can calculate R̃ECy→x (l) for each

l = 0, . . . , T0 − 1 and average them to obtain R̃EC y→x . The p-values can be estimated by
the bootstrap approach in the analogical fashion mentioned above.

To calculate the Granger causality in this scenario, we perform two methods. One is the
classic Granger causality approach without considering the hidden periodic property in the
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MVAR model. The other is analogy to the calculation process of RE causality mentioned
above: using multiple recordings of time series of xt or segmenting xt with a period T0,
estimating the co-variances at each time t (or equivalent phase), calculating the Granger
causality at t , and averaging them across the time duration or the whole period. TP and FN
are calculated by M = 100 overlaps.

As Fig. 3 shows, the periodicGranger causality failed to identify any causal intervene from
y to x when σy is small, since the intervene of hidden periodic yt does not cause significant
variation in the variances in the residual error in (8) in comparison to (7). However, the
classic Granger causality can probe this intervene when b is not very small, since the hidden
periodicity in yt that leads fluctuation can cause variance in (8) different from (7). However,
the RE causality has clearly more efficient than Granger causality to identify the intervene
from y to x (larger TP) and less incorrect identification (lower FN).

5.3 Time-Varing Nonstationary MVAR

We next apply RE causality and Granger causality to a more complicated time-varying case.
Let

yt = σ · ζ(t) + νt (15)

where ζ(t) is generated by the logistic iteration map, namely, ζ(t) = βζ(t −1)[1− ζ(t −a)]
with β = 3.9 and ζ(1) ∈ (0, 1), which implies that ζ(t) possesses a chaotic attractor, and
νt is an independent identical distributed process with the uniform distribution in [0, 0.5], as
illustrated in Fig. 4a. As above, xt is generated by the model (12). With the knowledge of the
distribution with unknown parameters, we can employ the method above to calculate the RE
causality of non-stationary time series by Q = 100 multiple recordings of the time series up
to T = 200. Figure 4 show that the RE causality performs very well in identifying the causal
intervene from y to x and excluding that from x to y. In comparison the classic Granger
and non-stationary Granger methods, which are deployed still with Gaussian assumption for
statistic inference, RE causality is clearly better than them.

5.4 Nonlinear Models

Compared with linear regression, prediction accuracy can be improved by a large margin
with the help of modern predictive models. To test for an increase in performance due to
some predictive models, we compared RE causality and Granger causality implemented on
the following logistic model of two non-identical species [25]:

xt+1 = xt (γx − γx xt − K1yt ) + ε1,t

yt+1 = yt (γy − γy yt − K2xt ) + ε2,t
(16)

where γx = 3.78, γy = 3.77, K1 and K2 are the coupling parameters. In this case, we con-
sider unidirectional coupling( i.e., K1 = 0, K2 �= 0), the causal interaction is unidirectional
from x to y.

We apply random forest on the sampling time series up to T = 1000 to predict xt using x
and y’s history and x’s history respectively to obtain the error time series ε and ε̃. We further
assume that the error time series follow gaussian mixture model (GMM) [26,27] and adopt
EM algorithm [28] for fitting. For each time series, we implement grid-search [29] to find
optimal value for the mixture components, and thus we obtain the distributions of ε and ε̃.
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Fig. 4 Performance comparison among theRE causality(REC,−∗−), classicWiener–Granger causality(GC1,
− + −) and time-varying Wiener–Granger causality (GC2, −�−) by the TP rate (blue solid lines), and FN
rate (red dash lines). (Top) The performance comparison of hidden chaotic model w.r.t. σ .(Bottom Left) The
sampling hidden chaotic time series of X1. (Bottom Right) The sampling hidden chaotic time series of X2.
(Color figure online)

To estimate the KL divergence and transfer entropy between ε and ε̃ efficiently, we may
introduce a proposal distribution h(·) (or h̃(·)) with tractable likelihood and leverage an
importanceweighted estimator [30–32]. The causality from y to x can be rewritten as follows:

K L
[
P(ε)||Q(ε̃)

] = Ex∼P(ε)

[
ln

P(ε)

Q(ε̃)

]
= Ex∼h(x)

[
P(ε)

h(x)
ln

P(ε)

Q(ε̃)

]

T Ey→x = H(ε̃) − H(ε) =
∫

Q(ε̃) ln Q(ε̃) − P(ε) ln P(ε)dx

= Ex∼Q(ε̃)

[
ln Q(ε̃)

] − Ex∼P(ε) [ln P(ε)]

= Ex∼h̃(x)

[
Q(ε̃)

h̃(x)
ln Q(ε̃)

]
− Ex∼h(x)

[
P(ε)

h(x)
ln P(ε)

]
(17)

Specifically, we set uniform distribution as our proposal distribution, h(x) ∼ U (min{εt },
max{εt }) and h̃(x) ∼ (min{ε̃t },max{ε̃t }). We calculate the TP, FN rate of RE causality and
transfer entropy according to (17) by P = 100 multiple overlaps.

As Fig. 5 shows, Granger causality can probe causality from x to y correctly, but fail to
exclude causality from y to x . However, RE causality can achieve more correct identification
from x to y (larger TP) and less incorrect identification (lower FN).

Remark 4 We can also adopt nonparametric method [34] (e.g. KDE [35] or neural networks
[36,37]) to model the density of the error time series.
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Fig. 5 Performance comparison between the RE causality (REC, − ∗ −), transfer entropy (TE, − + −) by
the TP rate (blue solid lines), and FN rate (red dash lines). (Top) The performance comparison of coupled
nonlinear model w.r.t. K2; (Bottom Left) The sampling nonlinear time series of xt (blue line); (Bottom Right)
The sampling nonlinear time series of yt (red line). (Color figure online)

5.5 Asymptotic Behavior

To validate the convergence rate of RE causality and other Bregman divergence causalities,
we consider the stationary MVAR (12) case in Sect. 5.1. The value of l2 and l4 causalities
from y to x are calculated as l2 and l4 distance between two Gaussian distributions. The
parameters of these two distributions are estimated via MLE with and without considering
y.

As Fig. 6 shows, l2 and l4 causality failed to identify the causal intervene from y to
x when the data size is small. With the growth of data size, both of them can probe this
intervene, while RE causality can achieve better performance even for small data size, which
is consistent with the theoretical analysis.

6 Discussions and Conclusions

In conclusions, we propose a novel definition of Wiener causality by Bregman divergence
of the residual errors of prediction with and without considering the other time series. In
comparison to the well-known Granger causality, which defines causality as the difference of
the conditional co-variances, this BD causality is in the normal track to realize the Wiener’s
causal philosophy. For example, the intervene of the means in the time series cannot be
identified by theGranger causality; however, it has contribution to prediction.We illustrate this
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Fig. 6 Performance comparison among RE causality(red lines), l2 causality (blue lines) and l4 causality (green
lines) by the TP rate (solid lines) and FN rate (dash lines). (Color figure online)

argument by severalmodels. The performance ofBregman divergence causality is tested from
linear to nonlinear, from stationary to nonstationary. The fluctuation of the first-order statistics
definitely causes information flow to x , so a causality, according to Wiener’s arguments
[7].

Different from the Wiener’s original definition of causality, where the mean squares
of the prediction errors are utilized to define causality, as a Bregman divergence between
two distributions, BD causality provides the full image of the distance between two
models in terms of predicting x by y. In comparison, Granger causality and trans-
fer entropy show the differences in covariances and entropy respectively, which are
insufficient to show the power of the intervene y in the predicting x and so unable
to define the real intervene occurs in other aspects, for example, higher-order statis-
tics.

The statistic inference of BD causality is typically implemented by well-defined regres-
sion models. As we argue, it can be deployed for any sort of distribution of noises and
data. Efficient practical method that best suits should be diverse according to the data.
Despite unlike transfer entropy that can be independent of the predictor model, however,
this definition of RE causality is theoretically freely applied to any model of predictor of
distribution, since the relative entropy does not depend on specific distribution as Granger
causality does.

Empirically, we may employ some predictive models, such as random forest, to provide
high prediction accuracy in nonlinear models. We discover that RE causality can lead to
further improvement of the reliability of causal relations inferred from data. At the same
time, Bregman divergence causality via maximum likelihood approach preserves strong cor-
rectness and convergence guarantees both theoretically and practically. Among which, RE
causality (KL divergence) can enjoy a faster convergence rate, suggesting it might be a better
choice in the sea of divergences.
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Appendices

Proof of Theorem 1

Proof By the LMS approach, we solve

bT =
[
1

T

T∑
i=1

(
y�
i yi

)]−1 [
1

T

T∑
i=1

(
y�
i xi

)]

which converges to b = E
[
(y�y)−1

]
E

[
y�y

]
as T goes infinity.

Then, let ε = x − y · bT , where y · bT works as a predictor. Let p(x, y) be the joint
distribution of (x, y), which is Gaussian as we assumed. Then, the joint density function of
(ε, y) should be p(ε + y · bT , y), which can be written as:

p(ε + y · bT , y) = (2π)−(n+m/2) det [Σ(x ⊕ y)]−1/2

exp

{
− 1

2
[ε + y · bT − E [x] , y − E [y]]

Σ(x ⊕ y)−1
[
ε + y · bT − E [x] , y − E [y]�

] }

and the density function of y should be

p(y) = (2π)−m/2 det [Σ(y)]−1/2 exp

{
−1

2
[y − E(y)]Σ(y)−1 [y − E(y)]�

}

Note

Σ(x ⊕ y) =
[

Σ(x) Σ(x, y)
Σ(x, y)� Σ(y)

]

of which the inverse becomes:

Σ(x ⊕ y)−1 =
[
A B
B� C

]

with

A =
[
Σ(x) − Σ(x, y)Σ(y−1Σ(x, y)�)

]−1 = Σ(x |y)−1

B = −Σ(x |y)−1Σ(x, y)Σ(y)−1

C = Σ(y)−1 + Σ(y)−1Σ(x, y)�Σ(x |y)−1Σ(x, y)Σ(y)−1.

Then, the logarithm of condition density of ε w.r.t. y is:

ln [p(ε + y · cT , y)/p(y)] ∼ −1

2

{
ε −

[
(y − E [y]) B�A−1 + E [x] − y · bt

]}

Σ(x |y)−1
{
ε −

[
(y − E [y]) B�A−1 + E [x] − y · bT

]}

by neglecting the terms without ε. Given the sample data X and Y , let� = [ε1, . . . , εT ]with
εi = xi − bT yi . By the maximum likelihood, the conditional density of ε w.r.t. Y becomes

pT (ε|Y ) ∼ N

((
1

T

T∑
i=1

yi − E [y]

)
B�A−1 + E [x] − y · bT ,Σ(x |y)

)
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which converges to
p(ε|Y ) ∼ N (E [x] − E [y] bT ,Σ(x |y)) .

��

Proof of Theorem 2

We start this section by a straightforward proposition:

Proposition 1 The expected value of the score function is zero.

E [s(θ |X)] =
∫

p(x; θ)
∂

∂θ
log p(x; θ)dx

=
∫

∂ p(x; θ)

∂θ
dx = ∂

∂θ

∫
p(x; θ)dx = 0.

From an information perspective, MLE can be justified as asymptotically minimizing KL
divergence between p(x) actually describing the data and the parameterized (approximating)
pdf pθ (x).

MLE satisfies the following two appealing properties called consistency and asymptotic
normality [38].

– Consistency The estimator θn → θ0 in probability as n → ∞, where θ0 is the target
unknown parameter of the sample distribution.

– Asymptotic normality The estimator θn and its target parameter θ0 enjoys the following
relation: √

n(θn − θ0)
D−→ N (0, I−1(θ0)) (18)

θ0 finds the maximizer of the likelihood function. Namely,

θ0 = argmax
θ

E
[
log p(X; θ)

]
.

Let θn be the MLE. Note that the MLE solves the equation:
n∑

i=1

s(θn |Xi ) = 0

Since θ0 is the maximizer of E
[
log p(X; θ)

]
, it also satisfies E [s(θ |X))] = 0. Recall that

θ̃n is MLE of the perturbed data, consider the following expansion:

0 =1

n

n∑
i=1

s(θ̃n |X̃i ) − s(θn |Xi )

=1

n

n∑
i=1

s(θ̃n |Xi ) − s(θn |Xi ) − s(θ̃n |Xi ) + s(θ̃n |X̃i )

=1

n

n∑
i=1

(θ̃n − θn)sθ (θn |Xi ) − (Xi − X̃i )sX (θ̃n |X̃i ).

(19)

For the first term,

1

n

n∑
i=1

(θ̃n − θn)sθ (θn |Xi ) ≈ (θ̃n − θn)E [sθ (θ0|Xi )]

as θ̃n → θ0.
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By central limit theorem, the second term

1

n

n∑
i=1

(Xi − X̃i )sX (θ̃n |X̃i ) = 1

n

n∑
i=1

(Xi − X̃i )sX (θ̃n |X̃i ) − E

[
εsX (θ̃0|X̃i )

]

D−→ N

(
0,

σ 2

n

)
.

where
s2 = Var

[
εsX (θ̃0|X̃i )

]
.

Therefore, rearranging the quantities in Eq. (19),

√
n(θ̃n − θn) =

√
n

E [sθ (θ0|Xi )]

[
1

n

n∑
i=1

(Xi − X̃i )sX (θ̃n |X̃i ) − E

[
εsX (θ̃0|X̃i )

]]

D−→ N

(
0,

σ̃ 2

E2 [sθ (θ0|Xi )]

) (20)

Now we have already derived the asymptotic normality. The next step is to simplify the
asymptotic variance.

First we focus on sθ (θ0|Xi ):

sθ (θ0|Xi ) = ∂2

∂θ2
log p(Xi ; θ0) = ∂

∂θ

∂
∂θ

p(Xi ; θ0)

p(Xi ; θ0)

=
∂

∂θ2
p(Xi ; θ0)

p(Xi ; θ0)
−

(
∂
∂θ

p(Xi ; θ0)

p(Xi ; θ0)

)2

=
∂

∂θ2
p(Xi ; θ0)

p(Xi ; θ0)
−

(
∂

∂θ
log p(Xi ; θ0)

)2

=
∂

∂θ2
p(Xi ; θ0)

p(Xi ; θ0)
− s2(θ0|Xi ).

For the first quantity,

E

[
∂

∂θ2
p(Xi ; θ0)

p(Xi ; θ0)

]
=

∫ ∂
∂θ2

p(x; θ0)

p(x; θ0)
p(x; θ0)dx = ∂2

∂θ2

∫
p(x; θ0)dx = 0

Exchange the positions of the derivative and the integration, we have:

E [s(θ0|Xi )] = E

[
∂

∂θ2
p(Xi ; θ0)

p(Xi ; θ0)

]
− E

[
s2(θ0|Xi )

] = −I (θ0). (21)

Plugging (21) into Eq. (20) gives

√
n

(
θ̃n − θn

)
D−→ N

(
0,

σ̃ 2

I 2(θ0)

)

Together with (18), θ̃n is a consistent estimator of θ0.
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Proof of Theorem 3

Proof Consider the Taylor expansion of p(θn), we arrive at:

p(θn) = p(θ0) + Δθ�
n

∂ p(θ0)

∂θn
+ 1

2
Δθ�

n
∂2 p(θ0)

∂θ2n
Δθn + o

(
(Δθn)

2)

with Δθn = θn − θ0.
We first derive the asymptotic normality under the KL-divergence framework. Since the

parameters θn are obtained via MLE, which is equivalent to minimizing the KL-divergence,
i.e, the first derivatives of KL-divergence vanish:

∂

∂θn

∣∣∣
θn=θ0

K L (p(θn)||p(θ0)) = 0

By Taylor expansion we obtain up to second order:

K L(p(θn)||p(θ0)) = 1

2
Δθ�

n H(θ0)Δθ�
n + o

(
(Δθn)

2)

where H stands for the Hessian matrix of KL divergence.
Note that H(θ0) is equivalent to I (θ0):

H(θ0) = ∂2

∂θ2

∣∣∣∣
θ=θ0

K L(p(θ)||p(θ0))

=
∫

∂

∂θ
(log p(θ0) + 1)

∂ p(θ0)

∂θ
dx −

∫
∂2 p( theta0)

∂θ2
log p(θ0)dx

=
∫

1

p(θ0)

(
∂ p(θ0)

∂θ

)2

+ ∂2 p(θ0)

∂θ2
+ ∂2 p(θ0)

∂θ2
log p(θ0) − ∂2 p(θ0)

∂θ2
log p(θ0)dx

= E

[(
∂ log p(θ0)

∂θ

)2
]

= I (θ0).

where the equality in the last line arises from Proposition 1. Together with the asymptotic
normality of Δθn in (18), we have:

DKL (p(θn)||p(θ0)) = 1

2n

(
(Δθn)

� I 1/2
√
n
)

· (√
nI 1/2Δθn

) ∼ 1

2n
χ2(n − 1), (22)

as n goes infinity.
While under other (non-logarithm form) Bregman divergence framework, Taylor expan-

sion yields:

�ψ (p(θn)||p(θ0)) = (Δθn)
� ∂ψ

∂θn
+ 1

2
(Δθn)

� ∂2ψ

∂θ2n
Δθn + o

(
(Δθn)

2)

= (Δθn)
� ∂ψ

∂θn
∼ N

(
0,

1

n

∂ψ

∂θ
I−1

(
∂ψ

∂θ

)�)
,

(23)

as n goes infinity.
By (22) and (23) we have BD causality between p(θn) and p(θ0) converge to zero asymp-

totically. However, the convergence rate are different, 1/n for relative entropy causality and
1/

√
n for Bregman divergence causality respectively. ��
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